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摘要: 定义了广义预变分不等式 ( EPVI)并给出了研究 EPVI的有力工具 � � � gap函数.
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1� 问题的提出

设 K 是欧几里德空间 R
N
中的非空闭凸集, F:

R
N  R

N
为一连续函数. 所谓的变分不等式问题

(V IP)是求一点 x
* ! R

N
, 满足

�F ( x ), x - x
*
�∀ 0, � x ! K.

� � 变分不等式问题在控制论、对策论、社会和经济

模型等方面都有广泛的应用, 其理论的研究在近几

年得到了很好的发展
[ 1 ]

. 在文献 [ 2]中作者将 V IP

推广为预变分不等式 ( PV I): K 是 R
N
中的非空闭

集, F: R
N  R

N
, �: R

N #RN  R
N
.

满足 �(x, x ) = 0, � x ! K, 预变分不等式 ( PV I)

是求一点 x
* ! K满足

�F ( x
*
), �( x, x

*
) �∀ 0, � x ! K.

假设 �是连续函数, 这里给出广义的预变分不等式

(EPV I):设 F: R
N  R

N
是连续可微函数, �: R

N #RN

 R
N
是连续可微的且满足 �( x, x ) = 0, � x ! R

N
f:

R
N  R是实值连续可微函数, 广义的预变分不等式

定义如下: 找 x
* ! R

N
使 � F ( x

*
), � ( x, x

*
) �∀

f ( x
*
) - f ( x ), �x ! R

N
.

gap函数是研究 V IP的一个有力工具,在文 [ 3]

中作者为了研究 V IP, 提出了变分不等式的 gap函

数 g� 

g� ( x ) = f
^
 (x ) - f

^
� (x ),

其中 f
^
i (x ) = max

y! RN
� F ( x ), x - y�- i! ( x, y ), i= �,  ,

!: R
N #RN  R

N
满足如下条件:

C1: !在 R
N #RN

上连续可微;

C2: ! ( x, y )∀ 0, � x, y ! R
N
;

C3: ! ( x, ∃ )在 x点一致强凸, 即存在 ∀> 0, 使

得任意的 x ! R
N
,

! (x, y1 ) - ! ( x, y2 ) ∀

�Ñ y ! (x, y2 ), y1 - y2�+ ∀ y1 - y2
2
;

� � C4: ! ( x, y ) = 0 x = y;

C5: Ñ x ! (x, y ) = - Ñ y ! ( x, y ), � x, y ! R
N

;

C6: Ñ y ! (x, y 1 ) - Ñ y ! (x, y2 ) % L4 y1 - y2 ,

� y1, y2 ! R
N
.

本文采用类似文 [ 3]的方法给出广义预变分不

等式 ( EPV I)的 gap函数.

2� 广义预变分不等式的 gap函数

令 f� (x ) = m in
y! RN

#�( x, y ) = m in
y! RN
� F ( x ), �(y, x ) �-

f (x ) + f (y ) + �! ( x, y ),

设 y� ( x )是 #� ( x, y )在 x点的最小值点. 考虑函数

g� : R
N  R,

g� ( x ) = f (x ) - f�( x ),

其中  > �> 0.

定理 1� 令 !满足 C1 - C4,则 g� 可微,且

Ñ g� ( x ) = Ñ F (x) (�( y ( x ), x ) - �( y� (x ), x ) ) +

F ( x ) (
∃� ( y ( x ), x )

∃x
-
∃ �( y�( x ), x )

∃x
) +

 Ñ x ! ( x, y ) - �Ñ x ! ( x, y� (x ) ). ( 1)

� � 证明 � 由 F, �( ∃ , ∃ )及 ! ( ∃ , ∃ )的可微性

知, g� 可微.

因为

f� ( z) - f� ( x ) % �F ( z ) - F ( x ), �(y� ( x ), x )�+
� F ( z), �( y�( x ), z ) - �( y� (x ), x ) �-

f ( z ) + f ( x ) + �! ( z, y� ( x ) ) - a! ( x, y� (x ) ).

f� ( z ) - f� ( x ) ∀ � F ( z ) - F (x ), �( y� ( z ), x ) �+
� F ( z), �( y� ( z ), z ) - �( y� ( z ), x ) �-

f ( z ) + f ( x ) + �! ( z, y� ( z ) ) - �! ( x, y� ( z ) ),

所以



Ñ f� ( x ) = Ñ F (x)�(y� ( x ), x ) +

F ( x )
∃�( y� (x ), x )

∃x
- Ñ f(x) + �Ñ x ! (x, y� ( x ) ),

故

Ñ g� ( x ) = Ñ F (x )(�( y ( x ), x ) - �( y� (x ), x ) ) +

F ( x ) (
∃�(y (x ), x )

∃x
-
∃�( y� (x ), x )

∃x
) +

 Ñ x ! ( x, y ( x ) ) - �Ñ x ! (x, y�( x ) ).

� � C&5: Ñ x ! ( x, y ) = - Ñ y ! ( x, y );

∃�(y, x )

∃x
= -

∃�( y, x )

∃y
.

� � 推论 1� 如果 !满足 C1 - C4, C&5,则

Ñ g� (x ) = ÑF (x ) (�( y ( x ), x ) - �(y� ( x ), x ) ) +

Ñ f(y ( x ) ) - Ñ f ( y� (x ) ).

命题 1� 函数 g� 具有如下性质

( - �) ! ( x, y (x ) ) % g� (x ) %

(  - �) ! ( x, y� (x ) ).

� � 证明 � 由
g� ( x ) % � F ( x ), �( y� (x ), x ) - �( y� ( x ), x ) �+
f( y� (x ) ) - f (y� ( x ) ) + ( - �) ! ( x, y� ( x ) ) =

(  - �) ! ( x, y� (x ) ),

同理可得

y� ( x ) ∀ (  - �) ! ( x, y ( x ) ).

� � 命题 2� 如果 !满足 C1 - C4, C&5, 则Ñ y ! ( x, y )

= 0的充要条件是 x = y.

证明略 (类似文献 [ 3]的引理 3. 1)

定义 1� 令 f: R
N  R, �: R

N #RN  R
N
满足 �(x,

x ) = 0,这里称 f关于 �是预凸的, 只要满足

1)任意 x, y ! dom ( f ), 有 x + t� ( y, x ) !

dom ( f );

2)f ( x+ t�( y, x ) ) % ( 1- t) f ( x ) + tf ( y ), �x, y

! dom (f ).

如果 f是预凸,则当 f可微时有

f ( y ) ∀ f ( x ) + �Ñ f(x),�( y, x ) �,
�x, y ! dom (f ).

假设 A 1:
∃�( x, x )

∃y
= I, 且 f是关于 �预凸的.

定义 2� 函数 !: K  R被称为 VI (K, F )的 gap

函数, 如果

( i) ! ( x ) % 0;

( ii) ! ( x0 ) = 0 x0是 VI(K, F )的解.

定理 2� - g� 是 EPV I的 gap函数.

证明 � 由 C2知 ! ( x, y )∀ 0, � x, y ! R
N
, 从而

g� ∀ 0,下面分两步证明:

( i) x= y� ( x ) = y (x )的充要条件是 g� (x ) = 0.

必要性显然成立. 只需证充分性. 由 g� ( x ) =

0, 则 ! ( x, y ( x ) ) = 0,从而 x= y ( x ),进一步 f ( x )

= f� (x ) = 0,由假设 y�是 #� ( x, y )的唯一最小值

点,故 x= y� ( x ) = y ( x ).

( ii) x= y� ( x ) = y (x )的充要条件是 x是 EPV I

的解.

如果 x为 EPV I的解, 则 � F ( x ), � ( y, x )�-
f ( x ) + f (y )∀ 0, � y ! R

N
.

而

f� ( x ) = � F (x ), �( y� ( x ), x ) �-
f( x ) + f ( y�( x ) ) + �! ( x, y� (x ) ),

由 C2知, f� ( x )∀ 0.

但另一方面,

f� ( x ) = m in
y! RN
� F ( x ), �(y, x )�- f( x ) +

f ( y + �! (x, y ) ) % 0,

故 f�( x ) = 0.同理, f ( x ) = 0进一步得到 x = y� ( x )

= y ( x ).

反过来,由 x= y� ( x )且 y� ( x )是 #� (x, y )的最

小值点,得

Ñ y#�( x, y� ( x ) ) = 0,

即

0 = F (x ) + Ñ f(x ),

0 = � F ( x ) + Ñ f(x ),�( y, x ) � % � F ( x ),

�( y, x )�+ f( y ) - f (x ), �y ! R
N
.

� � 因此由 ( i) ( ii)知: g� ( x ) = 0的充要条件是

EPV I有解,所以 - g� 是 EPV I的 gap函数.

定义 3� 1)设 F: R
N

 R
N

, �: R
N

#R
N

 R
N

,称ÑF

关于 �是正定的, 如果任意的 y, z ! R
N
,满足

� y - z, Ñ F (x)(�( y, x ) - �( z, x ) )� > 0, y ∋ z.

� � 2)设 F: R
N  R

N
, �: R

N #RN  R
N
,称 F关于 �

是强单调,如果� y, z ! R
N
且 y∋ z, 则有

�F ( y ) - F ( z ), �(y, x ) - �( z, x ) �∀ % y - z
2.

� � 注:当 �( y, x ) = y - x时, Ñ F 是一般意义上的

正定, F也是一般意义上的强单调.

定理 3� 如果 !满足 C1 - C 4, C&5且函数Ñ f是

单调函数,而且ÑF 关于 �是正定的, 则当 x为 g� 的

稳定点时,有 x = y� (x ) = y ( x ).

证明 � 由推论 1知,当Ñg� (x ) = 0时,有

ÑF (x)(�( y ( x ), x ) - �( y� ( x ), x ) ) +

Ñ f(y ( x ) ) - Ñ f(y� ( x ) ) = 0.

于是

�Ñ F (x) (�( y ( x ), x ) - �( y�( x ), x ) ) +

Ñ f(y ( x ) ) - Ñ f(y� ( x ) ), y ( x ) - y� (x )� = 0.

由ÑF 关于 �是正定及Ñ f单调知
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� y (x ) - y�( x ), Ñ F (x) (�( y ( x ), x ) -

�(y� ( x ), x ) )�∀ 0,

� y (x ) - y� ( x ), Ñ f(y (x ) ) - Ñ f(y� (x ) )�∀ 0,

于是

y ( x ) = y� (x ). ( 2)

将式 ( 2)代入定理 1的Ñ g� ( x ) = 0, 得到Ñ y ! ( x,

y� ( x ) ) = 0,由命题 2得 x= y� ( x ) = y (x ).
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A Gap Function for Solving the Problem of Extended Prevariational Inequality
Gu A i�ling

( F acu lty of App liedM a thm a tics, GuangdongUn ive rsity o f Techno logy, Guang zhou 510006, Ch ina)

Abstract: Extended Prevariational Inequa lity is de fined, and a gap function is prov ided for solv ing i.t

Key words: variationa l inequa lity; extended prevariat iona l inequality; gap funct ion.
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A Study of the Effects of C igaretteM aterials on the Degree of Ventilation

and Filtration Efficiency of the C igarette w ith 24mm F ilter Rod

W eiYu�ling, W ang L i�m in, H uQun, FengW en, L iao Zhen, Sun Zhi�yong
( Yunnan A cadem y of Tobacco Science, Kunm ing 650106, Ch ina)

Abstract: The o rthogona l tes,t wh ich dea ltw ith different c igarette Paper, t ipp ing paper, w rapping paper and filter,

w as designed and applied in situ. Testw as to study the effects o f the above factors on the degree o f vent ilat ion and

filtration effic iency o f the cigarettew ith 24mm filter rod. The resu lt ind icates that the a ir permeab ility of tipping pa�
per, w rapp ing paper, cigarette paper and the pressure drop o f filter rod are themost prom inent and important fac�
to rs affecting the deg ree o f vent ilat ion and f iltrat ion effic iency. Therefore, the adjustm ent and con tro l o f these fac�
to rs are the keystones of the cigarette qua lity contro ,l w hich is one of the bestw ays to reduce the costs of the prod�
ucts. Compared w ith the othermethods, th is design o f the experiment is shortcu,t e ff icien,t econom ical and vera�
cious. By this method, the design and the techn iques of the aimed product are optim ized.

Key words: degree o f ventilation; filtrat ion efficiency; C igarettem aterials; orthogonal test
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